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• 1— I 

1 Introduction and Main Results 

In this paper, we consider the following elliptic curves 

E = E £ : y 2 = x(x + epD)(x + eqD), (1.1) 

E' = E' e : y 2 = x 3 - 2e(p + q)Dx 2 + A m D 2 x, (1.2) 

where e = ±1, p and q are odd prime numbers with q — p = 2 m ,m > 1 and 
D = Di ■ ■ ■ D n is a square- free integer with distinct primes D\, • • • , D n . Moreover, 
2 f D, p \ D and q \ D. For each D h denote A = D/D, (Si = 1 if D = Di). We 
write £ = £7+, £7' = £7' if e = 1, and £ = £L, E' = E'_ if s = -1. 



E-mail: derong@mail.cnu.edu.cn 



There is an isogeny <p of degree 2 between E and E' 



as follows: 



ip : E 



E', ( x , y )^(y*/a?, y{pqD 2 



x 2 )/x 2 ). 



The kernel is E[(p] = {O, (0, 0)}, and the dual isogeny of (p is 



(p : E' 



E, (x, y) .— > (y 2 /4x 2 , y(A m D 2 - x 2 )/8x 2 ) 



with kernel = {O, (0,0)} (see [S, p.74]). 

In this paper, we extend the ideas of Feng [Fl], Feng-Xiong [FX] and Faulkner- 
James [FJ] to calculate the </?(£)-Sermer groups S^{E/Q) and S^(E'/Q). The 
main results are as follows: 



Theorem 1.1 Let D = D X D 2 ■ ■ ■ D S D S+1 ■ ■ ■ D n with ( fjU = 1 (i < s) and 



{jy) = ~ ^ ( s < j — n ) f° r some non-negative integer s < n. If m,p and D satisfy 
one of the following conditions: 

(1) m — 1, pD = 5(mod8) and D = 3(mod4); 

(2) m — 1, pD = l(mod8) and D = l(mod4); (3) m = 2; 

(4) p£> = 3(mod8); (5) m = 3, pD = l(mod4); (6) m = 4, pD = 7(mod8), 
then $SM(E/Q) = (t{(K,^ 2 ) : ~l,P,q,D k £ Vi; s < k < n}. In 

the other cases, 0^(E/Q) = ${{V U V 2 ) ^ e G(+D) : -l,p,q,D k e V 2 ; s < k < 
n} + ${(Vi,V 2 ) ^ qe G(+D) : -l,p,q,D k $ Vi; s < k < n}. Here is the 

directed graph (see the following Definition 2.5). 



Theorem 1.2. Let D = £>i£> 2 • • • £> s L> s +i . . . £> n with ( ffL = 1 (i < s) and 



= — 1 ( s < J — n ) f° r some non-negative integer s < n, then $S^(E' /Q) = 
2${(Vi,V 2 ) ^ e #(+£>) : ±2 £ VI}. Here #(+£>) is the directed graph (see the 
following Definition 2.8). 








Theorem 1.3. Let D = D ± D 2 ■ ■ ■ D S D S+1 ■ ■ ■ D n with ( fjL ) = 1 (i < s) and 



\d^j = — 1 ( s < J — n ) f° r some non-negative integer s < n. If m,p and D satisfy 
one of the following conditions: 

(1) m = 1, pD = 5, 7(mod8) and D = 3(mod4); 

(2) m=l, pD = ±3(mod8) and D = l(mod4); 

(3) m = 2; (4) m = 3, pD ^ l(mod8); 

(5) m — 4, = l(mod4), (6) m > 5, p-D = 5(mod8), 

then %SM(E/Q) = ${(Vi,V 2 ) ^ e G(—D) : p, g, L> fe G V 2 ; s < k < n}; In 
other cases, $S^(E/Q) = ${(V 1} V 2 ) ^ e G(—D) : p, q, D k e V 2 ; s < k < n} + 
${{Vi,V 2 ) ^ qe G{-D) : p,q,D k e V 2 ;s < k < n}. Here G(—D) is the directed 
graph (see the following Definition 2.10). 



Theorem 1.4. Let D = D X D 2 ■ ■ ■ D s D s+l ■ ■ ■ D n with [ZL = 1 (i < s ) and 



\d~) = ~ * ( s < — n ) ^ or some non-negative integer s < n, then JjS^^'/Q) = 

2tJ{(Fi,y 2 ) g(-D) : -1,±2 ^ Vt}. Here g{—D) is the directed graph (see the 
following Definition 2.13). 

Moreover, another result about the Selmer group of elliptic curves in (1.1) for 
all integers m > 2 is given in the appendix. 

2 Proofs of Theorems 

Let Mq be the set of all places of Q, including the infinite oo. For each place p, 
denote by Q p the completion of Q at p, and if p is finite, denote by v p the correspond- 
ing normalized additive valuation, so v p {p) = 1. Let S = {oo, 2,p, q, Di, • • ■ ,D n }, 
and define a subgroup of Q7Q* as follows: Q(S, 2)=<-l>x<2>x<p> 






x<q>x<D 1 >x---x<D n >= (Z/2Z) n+4 . For any subset A C Q*, we 

write < A > for the subgroup of Q*/Q* 2 generated by all the elements in A. For 

each d G Q(S, 2), define the curves 

C d : dw 2 = d 2 -2e(p + q)Ddz 2 + A m D 2 z\ and 

C' d : dw 2 = d 2 + e(p + q)Ddz 2 +pqD 2 z 4 . 

We have the following propositions 2.1 ~ 2.4 in determining the local solutions 
of these curves C d and C' d . The proofs are similar to those in [LQ], so we omit the 
details. 

Proposition 2.1 We assume e — 1 and the elliptic curve E = E + be as in 



(A) For d G Q(S f , 2), if one of the following conditions holds: 
(1) d < 0; (2) p\ d; (3) g | d. 

Then d £ S^(E/Q). Moreover, if d > 0, then C d (R) ^ 0. 

(B) For each d > 0, 2 | d | 2D, d G Q(S, 2), we have 

(1) if m=l, then C d (Q 2 ) ^ f - 2D(p + 1) + ^ = 2(modl6); 
if m = 2, then C d (Q 2 ) = 0; 

if m = 3, then C d (Q 2 ) ^ d - D(p + 4) + ^ = l(mod8); 

if m = 4, then C d (Q 2 ) ^ d - Dp = l(mod8); 

if m > 5, then C d {Q 2 ) ^ Dp = 7(mod8) or d - Dp = l(mod8). 

(2) For each odd prime number I | %a£, C d (Qi) ^ <^> (f ) = 1. 



(1.1). 



(3) For each odd prime number I \ d, C d (Qi) ^ 




1. 



(C) For d > 0, d | D, d G Q(S, 2), we have 

(1) if m = 1, then C d (Q 2 ) ^ d=l(mod4); 

if m = 2, then C d (Q 2 ) ^ d = l(mod4) or 2d - D(p + 2) = l(mod8); 
if m > 3, then C d (Q 2 ) ^ d = l(mod4) or d - Dp = 0(mod4). 

(2) For each prime number / | 22p, C d (Q;) ^ (f ) = 1. 

(3) For each prime number / | d, C d (Qi) ^ (^f^) = (^f^) = 1- 

Proposition 2.2 We assume e = 1 and the elliptic curve E' = E' + be as in 
(1.2). 

(A) (1) For any d G Q(S, 2), C' d (R) + 0. If 2 | d, then d £ S^(E'/Q). 
(2) {l, Pg ,- P A-^}c^)(£;VQ). 

(B) For each d G Q(S', 2) satisfying d | pD, we have 

(Bl) (1) If m = 1, then C^(Q 2 ) ^ if and only if one of the following 
conditions holds: (a) d = l(mod8), (b) (d + pD)(d + qD) = 0(modl6), (c) 
£^ = l(mod8); 

(2) If m = 2, then C^(Q 2 ) 7^ if and only if one of the following conditions holds: 
(a) d = l(mod8), (b) ^f- = l(mod8), 

(c) d + p£> = 0(mod4), (d) d = 3(mod4) and (p + 2)D = l(mod8); 

(3) If m = 3, then C^(Q 2 ) 7^ if and only if one of the following conditions holds: 
(a) d=l(mod8), (b) ^ = l(mod8), (c) d + pD = 0(mod8), 

(d) d = 3(mod4), and d+pD = 4(mod8), (e) d = 5(mod8) and d+pD = 2(mod4); 

(4) If m — 4, then C^(Q 2 ) 7^ if and only if one of the following conditions holds: 
(a) d=l(mod8), (b) ^ = l(mod8), (c) d + pD = 0(mod8), 



(d) d = l(mod8) and d+pD = 2(mod4), (e) d = 5(mod8) and d+pD = 4(mod8); 
(5) If m > 5, then C^(Q 2 ) 7^ if and only if one of the following conditions holds: 
(a) d=l(mod8), (b) = l(mod8), (c) d + pD = 0(mod8). 

(B2) C' d (Q P ) + and C' d (Q q ) + 0. 

(B3) For each prime I \ D, I \ d, C£(Q,) + (l - (f )) (l - = 0. 

(B4) For each prime / \D,l\d, C£(Q,) ^ (l - (^f^)) (l - (^f^)) = 

0. 

Proposition 2.3 We assume e — — 1 and the elliptic curve E = be as in 
(1.1). 

(A) For d G Q(S', 2), if one of the following conditions holds: 
(1) p I d; (2) q\ d. 

Then d i S^\E/Q). Moreover, C d (R) ^ 0. 

(B) For each 2 | d, d | 2D, d e Q(S, 2), we have 

(1) if m = 1, then C d (Q 2 ) ^ § + 2£>(p + 1) + ^ = 2(modl6); 
if m = 2, then C d (Q 2 ) = 0; 

if m = 3, then C d (Q 2 ) ^ d + D(p + 4) + ^ = l(mod8); 

if m = 4, then C d (Q 2 ) ^ d + Dp = l(mod8); 

if m > 5, then C d {Q 2 ) ^ Dp = l(mod8) or d + Dp = l(mod8). 

(2) For each odd prime number / | ^f-, C d (Qi) ^ (f ) = 1. 

(3) For each odd prime number I | d, C d (Q,) ^ ( ~ pd f r ^ = ( ~ gd f~ 2 ) = 1. 

(C) For d\ D,de Q(S, 2), we have 

(1) if m = 1, then C d (Q 2 ) ^ d = l(mod4); 



if m = 2, then C d (Q 2 ) + d = l(mod4) or 2d + D(p + 2) = l(mod8); 

if m > 3, then C d (Q 2 ) ^ d = l(mod4) or d + Dp = 0(mod4). 

(2) For each prime number I | 22p, C d (Q,) ^ (f ) = 1. 

(3) For each prime number I \ d, C d (Q,) ^ <^> ~ ) = = L 

Proposition 2.4. We assume £ = — 1 and the elliptic curve E' = E'_ be as in 
(1.2). 

(A) (1) For any d e Q(S,2) and d > 0, C' d (R) ^ 0. If 2 | d or d < 0, then 
d(£S<-®(E'/®). 

(2) {l, Pg , P L>,^}c^)(£;7Q). 

(B) For each d e Q(S, 2), d | pD, d > 0, we have 

(Bl) (1) If m — 1, then C' d (Q 2 ) ^ if and only if one of the following conditions 
holds: 

(a) d=l(mod8), (b) (d - pD)(d - qD) = 0(modl6), (c) ^f- = l(mod8); 

(2) If m = 2, then C' d (Q 2 ) ^ if and only if one of the following conditions holds: 
(a) d= l(mod8), (b) ^ = l(mod8), 

(c) d-pD = 0(mod4), (d) d = 3(mod4) and (p + 2)D = 7(mod8); 

(3) If m = 3, then C' d (Q 2 ) ^ if and only if one of the following conditions holds: 
(a) d=l(mod8), (b) = l(mod8), (c) d - pD = 0(mod8), 

(d) d = 3(mod4) and d—pD = 4(mod8), (e) d = 5(mod8) and d—pD = 2(mod4). 

(4) If m — 4, then C^(Q 2 ) 7^ if and only if one of the following conditions holds: 
(a) d=l(mod8), (b) ^ = l(mod8), (c) d - pD = 0(mod8), 

(d) d = l(mod8) and d-pD = 2(mod4), (e) d = 5(mod8) and d-pD = 4(mod8); 



(5) If m > 5, then C d (Q 2 ) ^ if and only if one of the following conditions holds: 
(a) d=l(mod8), (b) ^ = l(mod8), (c) d - pD = 0(mod8). 
(B2) C' d (Q p ) + and C' d (Q q ) + 0. 

(B3) For each prime l\D,l\d, C£(Q,) ^ (l - (f )) (l - )) = 0. 

(B4) For each prime / \D,l\d, C' d (Qi) ^ (l - (^f^)) (l - (^f^)) 

0. 

Now let G = (V, E) be a directed graph. Recall that a partition (Vi, V 2 ) of V 
is called even if for any vertex, P e V 2 (Vi),${P — > Vi(V^)} is even. In this case, 
we shall write (Vi,V 2 ) h- > e V. The partition (Vi,!^) is called quasi-even if for any 
vertex, P e K(^ 2 ), 

In this case, we shall write (Vi, V2) 1— > ge V (see [F2] and [FJ] for these definitions 
and related facts). Throughout this paper, for convenience, we write empty product 
as 1. 

Definition 2.5 Let D = D X D 2 ■ ■ ■ D S D S+1 ■ ■ ■ D n with = 1 (i < s) and 

(jo^j — ~ 1 ( s < 3 < n ) f° r some non-negative integer s < n. A directed graph 
G(+D) is defined as follows: 

Case 1. If m,p and D satisfy one of the following conditions: 
(1) m = 1; (2) m = 2, (p + 2)£> ^ 5(mod8); (3) m > 3,p£> = l(mod4), then 
define the directed graph G(+D) = Gi(+D) by defining the vertex V(G(+D)) to 
be V(Gi(+D)) = {-l,p,q,D u D 2 ,--- ,D n } and the edges 

E(G(+D)) as E{G 1 {+D)) = {D~D j : = -1, 1 < i < s, 1 < j < n} (J : 



(§) = -1,1 < i < s,s < j < n} (J OA : (f) = -1,1 < i < s, I = 
p,q} [j{^lD l : (^)=-l, l<i<s} U{Ap= (^) = -1, 1 < i < «}■ 

Case 2. If m,p and -D satisfy one of the following conditions: 
(1) m = 2, (p+2)D = 5(mod8); (2) m>3,pD = 3(mod4), then define the directed 
graph G(+D) = G 2 (+D) by defining the vertex V(G(+D)) to be V(G 2 (+D)) = 
{p, q, Di, D 2 , ■ ■ ■ , D n } and the edges E(G(+D)) as 

E(Gt(+D)) = {D^D 3 : (f ) = -1, 1 < i < 8,1 < j < n} (J {AA : (f ) = 
-1, 1 < ^ < s, s < j < n} (J {/A : (f) = -1, 1 < i < s, Z = p, q} [j {D~p : 
(j) =-1, 1<*< S }. 

Here we define (^-) = 1, if m,p and Z) satisfy one of the following conditions: 

(1) m = l, pD = 7(mod8) and D = l(mod4); 

(2) m — 1, pD = l(mod8) and D = 3(mod4); (3) m > 4,pL> = l(mod8). 
And we define (^-) = —1, if m,p and .D satisfy one of the following conditions: 

(1) m — 1, pD = 5(mod8) and D = l(mod4); 

(2) m — 1, pD = 7(mod8) and D = 3(mod4); (3) m > 4,pL> = 5(mod8). 

Lemma 2.6. For every even partition (Vi, V 2 ) of such that V\ contains 

no —l,p, q or D k (s < k <n), we have d G S^(E/Q) where d = rUev, A 
Conversely, suppose d is odd and d E S^' (E / Q) , we may write d = P\P 2 • • • Pt with 
1 < t < s for distinct Pj G V(G(+D)) (1 < j < t), then (V U V 2 ) is even, where 
V 1 = {P 1 ,P 2 ,--- ,P t }. 

Proof. Suppose (Vi,V 2 ) is a nontrivial even partition of G(+D) such that 
—l,p,q,D k Vi (s < k < n). Let V x = {D 1 ,D 1 ,--- ,D t } for some 1 < t < s. 
Consider d = D X D 2 ■ ■ ■ D t . For any 1 < % < t, we have (^^) = (-lf^ :PeV ^ = 



1 since (V 1: V 2 ) is even. Therefore, C d (Q D .) ^ by Proposition 2.1(C)(3). Also, for 
P e V 2 ,P ^ = D * eVl > = 1 since (V U V 2 ) is even. Therefore, 

C d (Qp) ^ by Proposition 2.1(C)(2). We claim that C d (Q 2 ) ^ since (V U V 2 ) 
is even. For an example in case 1, m — 1 : because 1-Dj : Dj G VI} is even, 
<i = lmod4. Therefore, C d (Q 2 ) ^ by Proposition 2.1(C)(1). The remaining cases 
can be done similarly. And by Proposition 2.1(A), we have d in S^(E/Q). 
Conversely, suppose d = P 1 P 2 ---P t G S^(E/Q) and d is odd. By Proposition 
2.1(C), Pi G {D U D 2 ,--- ,D S } and ( ^f^ ) = 1 for each 1 < i < t. Let VI = 
{Pi, P 2 , • • • , P t }. Therefore, 1 = (^^) = (-1)«^ : PeV ^ for 1 < i < t. So we 
get |j{pP : P G Vj} is even. For prime P | pqDd' 1 , we have P G V 2 and (J;) = 1. 
Therefore, 1 = (|) = (-1)«^ ; w hi c h shows that |j{PP : P G VI} is even. 

If -1 G Vs in case 1, then d = lmod4 for C d (Q 2 ) ^ 0. Hence H{-1P : 1 < i < t} is 
even. To sum up, (VI, V 2 ) is even. The proof of lemma 2.6 is completed. □ 

Lemma 2.7. For every quasi-even partition (VI, Vj) of G(+D) such that 
VI contains no —l,p,q or P fc (s < k < n), we have 2d G S^(E/Q), where 
d = ripoevi -^o- Conversely, If d is even and d G S^(E/Q) : we may write = 
2PxP 2 • • • P with 1 < i < s for distinct P, G V(G(+D)) (1 < j < t), then (VI, V 2 ) is 
quasi-even, where VI = {Pi, P 2 , • • • , P t }. 

Proof. Suppose (VI, V 2 ) is a nontrivial quasi-even partition of G(+D) such 
that —l,p,q,D k VI (s < k < n). Let VI = {D 1 , D 1 , ■ • • ,D t } for some 1 < 
t < s. Consider 2d = 2D X D 2 ■ ■ ■ D t . For any 1 < % < t, we have = 
(j-) (-1)H^ : Pev ^} = ! since (V U V 2 ) is quasi-even. Therefore, C 2d (Q D% ) ^ by 
Proposition 2.1(B)(3). Also, for P G V 2 and P ^ -1, (f ) = (|) (-ljM^AeVi} = 



1 since (Vi, V 2 ) is quasi-even. Therefore, C 2d (Qp) ^ by Proposition 2.1(B)(2). We 
assert that C 2 d(Q 2 ) 7^ 0- To see this, we only need to prove case 1 with m — 1, D = 
l(mod4) and pD = 7(mod8), the other cases can be similarly done. Firstly, since 
(A) = 1, we have ${-Id\ : 1 < % < t} is even. So d = lmod4 and 2D(2d)~ 1 = 
lmod4. Next, since pD = 7(mod8), we have d(l - 2D(2d)~ 1 ) 2 - 2pD = 2(modl6), 
i.e., d - 2D(p + 1) + ^§- = 2(modl6), which shows that C 2d (Q 2 ) ^ by Proposition 
2.1(B)(1). Furthermore by Proposition 2.1(A), we get 2d E S^(E/Q). 
Conversely, suppose d = 2P l P 2 ---P t e S^{E/Q). By Proposition 2.1(B), P t e 
{D u D 2 , ■ ■ ■ , D s } and (^f^) = 1 for each 1 < i < t. Let Vi = {Pi, P 2 , ■ ■ ■ , P t }. 
Therefore, 1 = (^^) = (|-) (-1)«^ : PeV ^ for 1 < % < t. So %{P t -> V 2 } = 
0(mod2), if = 1 or l(mod2), if = —1. For prime P \ 2pqDd~ 1 , we have 
P eV 2 and (|) = 1. Therefore, 1 = (|) = (jQ (-1)«^ : ^eVi} > which shows that 
tt{P -> Vi} = 0(mod2), if (|) = 1 or l(mod2), if (|) = -1. If -1 e V 2 in case 1, 
e.g., m = 1, -D = l(mod4) and pP = 7(mod8) : for C 2( f(Q 2 ) 7^ 0, by Proposition 
2.1(A) we have d = l(mod4). Hence Jj{ — lPj : 1 < « < t} is even (Here notice 
that (^-) = 1). The remaining cases can be done similarly. To sum up, (Vi,V 2 ) is 
quasi-even. The proof of lemma 2.7 is completed. □ 

Proof of Theorem 1.1. By Proposition 2.1, S^(E/Q) C {2, D u D 2 , ■ ■ ■ , D n }. 
Furthermore, by lemma 2.6 and lemma 2.7, it is easy to obtain all the corresponding 
results for different m,p, D. The proof is completed. □ 

Definition 2.8. Let D = D X D 2 ■ ■ ■ D S D S+1 ■ ■ ■ D n with = 1 (i < s) and 

= — 1 ( s < J — n ) f° r some non-negative integer s < n. A graph directed 
g(+D) is defined as follows : 



Case 1. If m,p and D satisfy one of the following conditions: 

(1) m — l,p = l(mod4) and p — D = 0, 6(mod8); 

(2) m= l,p = 3(mod4) and p - D = 2, 4(mod8); 

(3) m = 2,pD = l(mod4); (4) m = 2, D = 3(mod4) and pD = 3(mod8); 
(5) m = 2, D = l(mod4) and pD = 7(mod8); (6) m = 3,pD = l(mod4), 

then define the directed graph g(+D) = g±(+D) by defining the vertex V(g(+D)) 
to be V(gi(+D)) = {-l,p,D u D 2 , ■ ■ ■ , A} and the edges E(g(+D)) as 
E( gi (+D)) = (bWj : (g) = -1, 1 < i < s, 1 < j < n} (J {A-l : (^) = 
-1, 1 < i < s} (J {Ap = (^t) = -1, 1 < i < s}. 

Case 2. If m,p and .D satisfy one of the following conditions: 
(1) m = l,p= l(mod4) and p - D = 2,4(mod8); (2) m > A,pD = 5(mod8), 
then define the directed graph g(+D) = g 2 (+D) by defining the vertex V(g(+D)) 
to be V(g 2 (+D)) = {-1, -2,p, D ± ,D 2 , • • ■ ,A} and the edges E(g(+D)) as 
E(g 2 (+D)) = {D~Dj : (§f ) = -1, 1 < i < s, 1 < j < n} (J {A - 1 : (^) = 
-1, 1 < i < s} U {Ap : (ft) = "1, 1 < i < s} U : (g) = -1, 1 < k < 

n} U{ = 2?:(f)="l UF^l}- 

Case 3. If m,p and D satisfy one of the following conditions: 
(1) m = l,p = 3(mod4)andp-D = 0,6(mod8); (2) m > A,pD = l(mod8), 
then define the directed graph g(+D) = g 3 (+D) by defining the vertex V(g(+D)) 
to be V(g 3 (+D)) = 2, D 1: D 2 , • • • , A} and the edges E(g(+D)) as 

E(g 3 (+D)) = {D~Dj : (§j) = -1, 1 < i < s, 1 < j < n} (J {A - 1 : (^) = 
-1, 1 < i < s} (J {Ap = (ft) = "1, 1 < i < s} U {2A : (^) = -1, 1 < A; < 



Case 4. If m,p and D satisfy one of the following conditions: 

(1) m = 2,D = l(mod4) and pD = 3(mod8); 

(2) m = 2, D = 3(mod4) and pD = 7(mod8); 

(3) m = 3,pD = 3(mod8); (4) m = 4, pD = 3(mod4); (5) m > 5,pD = 3(mod8), 
then define the directed graph g(+D) = g A {+D) by defining the vertex V(g(+D)) 
to be V(g 4 (+D)) = {-l,p,D u D 2 , ■ ■ ■ , A} and the edges E(g(+D)) as 
E(g 4 (+D)) = (D^Dj : (§) = -1, 1 < % < s, 1 < j < n} (J {A - 1 : (^) = 
-1, 1 < i < s} (J {Ap = (^-M<»<4U l 3 !^ : (g) = -1, 1 < A; < 
"} U {=1? : (f ) = "I}- 

Case 5. If m,p and P satisfy one of the following conditions: 
(1) m = 3,pD = 7(mod8); (2) m > 5,pD = 7(mod8), 

then define the directed graph g(+D) = g 5 (+D) by defining the vertex V(g(+D)) 
to be V(g 5 (+D)) = {-l,p, -2, 2, D 1: A, • • ■ , A} and the edges E(g(+D)) as 
E(g 5 (+D)) = {DJDj : ) = -1, 1 < i < s, 1 < j < n} (J {A - 1 : (^) = 
-1, 1 < i < s} U {AP = (i)-M<i<4U : (g) = -1, 1 < A; < 

n} U {=2? : (f ) = -1} U {2A : (^) = -1, 1 < k < n} [j {2p : (f) = 
-1} U{ Z 2^1}- 

Lemma 2.9. For every even partition (VI, V 2 ) of g(+D) such that Vi contains 
no ±2, we have d G S^(E r /Q), where d = rip eVi A- Conversely, if d is odd and 
d G S(®(E'/Q), we may write d = P X P 2 • • • P t for distinct P, G V(g(+D)) (1 < j < 
t), then (Fx, V~ 2 ) is even, where Vi = {Pi, P 2 , • • • , P}. 

Proof. Suppose (VI, V^) is a nontrivial even partition of g(+D) such that 
±2 £ VI. Let Vi = {Pi, Pi, • • • , P}, P G A, A, • • • , A} for each 1 < % < s. 



Consider d = P 1 P 2 ---P t . For each prime / | gcd(D, d), if I G {Dj : s < j < 
nh ( ^^^j_ 1)( ^^L!)_i ) = o because (=Bf±) (= s ^ Ll ) = (f ) = -1; 
if / G {A : 1 < i < s}, then = (-1)W P: PeV2 > = 1 because (Vi, V 2 ) is 

even. Therefore, by Proposition2.2(B)(B4), we have C' d (Qi) ^ 0. Also for each prime 
Z such that / | D and/fd, if Z G {Dj : s < j < n}, then ((f ) - ) - 1) = be- 

cause (f) (if) = (2?) = -1; if Z G {A : 1 < i < s}, then (f) = (-1)M"* : PeVl > = 1 
because (Vi, V 2 ) is even. So by Proposition2.2(B)(B3), we have C' d (Qi) ^ 0. We as- 
sert that C' d (Q 2 ) 7^ 0. To see this, we only need to prove the case 3 with m — l,p = 
3(mod4) and p — D = 0,6(mod8), the other cases can be similarly done. In fact, 
since 2 G V 2 and |j{2P : P G Vi} is even, we have d = ±l(mod8). So by Proposi- 
tion2.2(B)(B2), C^(Q 2 ) ^ 0. This proves our assertion. So by Proposition2.2(B)(B3) 
and (A)(2), we obtain that d G S^(E'/Q). 

Conversely, suppose d = P 1 P 2 ---P t G S^\E'/Q) with distinct P 1: ---,P t G 
{— l,p, Di, D 2 , • • • ,D n }. Let V\ = {P\,P 2 ,--- ,Pt}. For each prime Z satisfying 
Z | gcd(A d), if Z G {A : s < j < n}, §{IP : P e V 2 } is even because 
j}{ZP : P G V 2 } = 0. If Z G {A : 1 < i < s}, by Proposition2.2(B)(B4) and 
(f ) = 1, we have (^f^) - 1 = 0, and so 1 = (^f^) = (-1)W P:P ^>, which 
shows that §{IP : P G V 2 } is even. Also, for each prime Z satisfying Z | D and Z f d, 
if Z G {A : s<j< n}, then %{IP : P G V 2 } is even because ${IP : P e V 2 } = 0; if 
Z G {A : 1 < i < s}, by Proposition2.2(B)(B3) and (f ) = 1, we have (f) - 1 = 0. 
So 1 = (j) = (-1)W P: PGy i>, which shows that #{ZP : P G Vi} is even. As for 
the vertex Z = p, —1, by the definition of g(+D), we have (j{ZP : P G Vi} = 
or %{IP : P G V 2 } = 0. Now firstly, in case 2, -2 G V 2 . By C^(Q 2 ) ^ and 



the conditions for m,p,D, we have d = l,3(mod8). So 2P : P G Vi} is even. 
Secondly, in case 3, 2 G V2. By C' d (Q 2 ) 7^ and the conditions for m,p,D, we 
have d = l,7(mod8). So (J{2P : PG Vi} is even. Lastly, in case 5, ±2 G V 2 . 
By C^(Q 2 ) 7^ and the conditions for m,p,D, we have d = l(mod8). So both 
ft{^2P,P G VJ and ft{2P : P G Vi} are even. To sum up, (Vi, V 2 ) is even. The 
Proof is completed. □ 

Proof of Theorem 1.2. By Proposition 2.2, we have {l,f>g, — P-D, — qD} C 
S^(E'/Q). Then the conclusion follows easily by Lemma2.9. The proof is com- 
pleted. □ 

Definition 2.10. Let D = D X D 2 - ■ ■ D S D S+1 - ■ ■ D n with = 1 (i < s) 

and (ff) — ~~ 1 ( s < j < ^) f° r some non-negative integer s < n. A directed graph 
G(—D) is defined as follows: 

Case 1. If m — 1,D = l(mod4), then define the directed graph G(—D) = G\{—D) 

by defining the vertex V(G(-D)) to be V{G l {-D)) = {-l,p, q, D u D 2 , ■ ■ ■ ,D n } 

and the edges E(G(-D)) as E(G 1 {-D)) = {DJXj : (g-) = -1, 1 < i < s, 1 < 

J < n} (J (AA : (g) = -1, 1 < i < s, s < j < n} (J OA : (f) = -1, 1 < 

i<s ) l=P,?}U{VT: (g)=-l,l<A;<n} U{Ap= (^) = -1, 1 < 
,< s} U{=1Z: (^) =-l,l=p,q}. 

Case 2. If m,p and D satisfy one of the following conditions: 
(1) m = l,D = 3(mod4). (2) m = 2, D = 3(mod4) and (p + 2)D ^ 3(mod8), then 
define the directed graph G(—D) = G 2 (—D) by defining the vertex V(G(— D)) to 
be V(G 2 (-D)) = {-l^q^^Dz,--- , D n } and the edges E(G{-D)) as 
E(G 2 (-D)) = {D~Dj : ) = -1,1 < i < s, 1 < j < n} (J {P^A : (f ) = 



-1, 1 < % < s, s < j < n} |J {IDi : (f) = -1, 1 < i < s, I = p, q} [j {=lD~ k : 

(S) = "1,1 < k < n} U {Di : (ft) = "1,1 < < < 8} U = 1 : (f) = 
-1, I =p,q}. 

Case 3. If m,p and -D satisfy one of the following conditions: 
(1) m = 2, Go + 2)£> = 3(mod8); (2) m > 3,pD = l(mod4), 

then define the directed graph G(—D) = Gs(—D) by defining the vertex V(G(—D)) 
to be V{G 3 (-D)) = {-l,p,q,D 1 ,D 2 ,--- , D n } and the edges E(G(—D)) as 
E(G 3 {-D)) = {D~D j : (§ ) = -1, 1 < i < s, 1 < j < n} (J : (§) = 

-1,1 < i < s, s < j < n} (J {IDi : (f) = -1,1 < i < s, Z = p, <?} (J {A? = 
(ft) = "1,1 < i < s} U {^1 : (^) = -1,1 < k < n} U : (f) = 

-1,Z =p,g}. 

Case 4. If m = 2, (p + 2)D ^ 3(mod8) and = l(mod4), define the directed 
graph G(—D) = G 4 (-D) by defining the vertex V(G{—D)) to be V(G 4 (-D)) = 
{— l,p, g, Di, D 2 , • • • , -D n } and the edges E(G(—D)) as 

E(G 4 (-D)) = {D~Dj : (§) = -1,1 < i < s,l < j < n} [j {D~Di : = 
-1, 1 < i < s, s <j <n} (J {IDi : (f ) = -1, 1 < i < s, I = p, q} [j {D~p : 
(ft) =-!,!<<<*} U{^1: (g) =-l,l<*<n} (J : (l 1 ) = 

-M = U I 3 !?}- 

Case 5. If m > 3,p-D = 3(mod4), define the directed graph G(—D) = G$(—D) by 
defining the vertex V(G(—D)) to be V(G 5 (-D)) = {-l,p, q, A, D 2 , ■ ■ ■ ,D n } and 
the edges E(G(-D)) as 

E(G 5 (-D)) = (D~D j : (§ ) = -1,1 < i < s,l < j < n} (J {D~D l : (f ) = 
-1, 1 < i < s, s < j < n} (J {Ap : (ft) = -1, 1 < i < s} (J {^A : (f ) = 



-1,1 <i<s,l=p,q} \J{D k -l: (g) =-l,l< k<n} \J {1=1 : ) = 
-l,Z=p,g} Ul^: (f) = -^- 

Here we define (^-) = 1, if m,p and P satisfy one of the following conditions: 

(1) m = l, pD = 7(mod8) and D = l(mod4); 

(2) m — 1, p-D = l(mod8) and D = 3(mod4); (3) m = 3,pD = l(mod8); 
(4) m > 4, pD = 7(mod8); (5) m>5,pD = l(mod8). 

And we define = ~~ 1? if m ,P an d D satisfy one of the following conditions: 

(1) m = 1, pD = l(mod8) and D = l(mod4); 

(2) m — 1, pD = 3(mod8) and D = 3(mod4); (3) m > 4,pP> = 3(mod8). 

Lemma 2.11. For every even partition (V 1 ,V 2 ) of G(—D) such that V\ con- 
tains no p,q or D k (s < k < n), we have d G S^(E/Q), where d = rip eVi ^o- 
Conversely, if d is odd and d G S^(E/Q), we may write d = 5P\P 2 ■ ■ ■ Pt for 8 — ±1 
and distinct P, G V(G(-D)) (1 < j < t), then (Vi, V 2 ) is even. Here 

r {p 1 ,p 2 ,---,p t } if 5 = 1, 

Kl \ {-l.P^Pa,-.. ,P t } if * = — 1. 

Proof. Similar to the proof of Lemma 2.6. 

Lemma 2.12. For every quasi-even partition (Vi, V 2 ) of G(—D) such that Vi 
contains no p, q or Dk (s < k < n), we have 2d G S^(E/Q), where d = Y\ PoeVl P . 
Conversely, if d is even and d G S^(E/Q), we may write d = 25P 1 P 2 ---P t for 
5 = ±1 and distinct Pj G V(G(-P/)) (1 < j < t), then (Vi, V 2 ) is quasi-even. Here 

r {Pi,p 2 ,--. ,p t > if 5 = 1, 
Kl \ {-i,p 1 ,p 2 ,--- ,p} if 5 = -i. 

Proof. Similar to the proof of Lemma 2.7. 

Definition 2.13. Let D = D X D 2 - ■ ■ D S D S+1 - ■ ■ D n with (jlj = 1 (i < s) 



and yjj-J — — 1 ( s < j < n) for some non-negative integer s < n. A graph directed 
g{—D) is defined as follows: 

Case 1. If m,p and D satisfy one of the following conditions: 

(1) m = l,p- D = 2,4(mod8); 

(2) m = 2,pD = 3(mod4); (3) m = 2,D = l(mod4); and pD = 5(mod8); 
(4) m = 2,D = 3(mod4) and pD = l(mod8); (5) m = 3,pD = 3(mod4), 

then define the directed graph g{—D) = gi(—D) by defining the vertex V(g(—D)) 
to be V(gi(—D)) = {p, D u D 2 , ■ ■ ■ , D n } and the edges E{g{—D)) as E{g 1 {—D)) 
= {D~Dj : ) = -1, 1 < i < s, 1 < j < n} (J {Ap : (%) = ~h 1 < i < s}. 
Case 2. If m,p and D satisfy one of the following conditions: 
(1) m = l,p= l(mod4) andp-D = 0,6(mod8); (2) m > A,pD = 3(mod8), then 
define the directed graph g{—D) = g 2 (—D) by defining the vertex V(g(—D)) to be 
V(g 2 (-D)) = {p, -2, Di, D 2 , ■ ■ ■ , D n } and the edges E{g{—D)) as E{g 2 {—D)) 

= (dWj : (f ) = -1, 1 < i < s, 1 < j < n} (J f^P ■■ (f ) = -1} U WiP ■ 

(^-l.Ki^luS: (g)=-l,l<*<n} 

Case 3. If m,p and D satisfy one of the following conditions: 

(1) m — l,p = 3(mod4) and p — D = 0, 6(mod8); (2) m > 5, = 7(mod8), then 

define the directed graph g(—D) = g 3 (—D) by defining the vertex V(g(—D)) to be 

V(g 3 (-D)) = {p, 2, D u D 2 , ■ ■ ■ , D n } and the edges E(g(—D)) as E(g 3 (—D)) 

= {D^Dj : ) = -1, 1 < i < s, 1 < j < n} (J {2? : (|) = -1} U {A? : 

(£) = -1, 1 < i < s} U {2A : = -1, 1 < k < n}. 

Case 4. If m,p and Z) satisfy one of the following conditions: 

(1) m = 2,D = l(mod4) and pD = l(mod8); (2) m = 2,D = 3(mod4) and 



pD = 5(mod8); (3) m > 3,pD = 5(mod8); (4) m = A,pD = l(mod8), then 

define the directed graph g{—D) = g^—D) by defining the vertex V(g(— D)) to be 

V(g 4 (-D)) = {p, -1, D u D 2 , ■ ■ ■ , D n } and the edges E(g(-D)) as 

EM-D)) = {TkDj : (f ) = -1, 1 < % < s, 1 < j < n} (J {^P ■ (f) = 

-1} (J {A? : (^) = -1, 1 < i < s} (J {-LDk : (g) = -1, 1 < k < n}. 

Case 5. If m,p and D satisfy one of the following conditions: 

(1) m — 3,pD = l(mod8); (2) m > 5,pD = l(mod8), then define the directed 

graph g(—D) = g 5 (—D) by defining the vertex -D)) to be V(g 5 (— D)) = 

{p, —1, 2, Di, D 2 , • • • , -Dn} and the edges E(g(—D)) as 

E(g 5 (-D)) = \D~Dj : ) = -1,1 < % < s, 1 < j < n} (J {=1? : (f ) = 
-1} [J {A? : (£) = -1,1 < < < s} U : (g) = -1, 1 < * < 

n}[j{2D k : (^) = -1, 1 < fc < n} [j {2p : (|) = -1}. 

Lemma 2.14. For every even partition (Vi, V^) of g{—D) such that Vi contains 
no -1, ±2, we have d e S^(E'/Q), where d = rip evi P o- Conversely, if d is odd 
and d G S^(E'/Q), we may write d = P X P 2 ■ ■ ■ P t for distinct P s e V(g(-D)) (1 < 
j <t), then (Vl, \/ 2 ) is even, where V 1 = {P u P 2 , ■ ■ ■ , P t }. 

Proof. Similar to the proof of Lemma 2.9. 

Proofs of Theorem 1.3 and 1.4. By using Proposition 2.3, 2.4 and Lemma 
2.11, 2.12, 2.14, the proofs are similar to that of Theorem 1.1 and 1.2. □ 

Appendix 

In this appendix, by descent method, we obtain the following results about 
Selmer group of the elliptic curve (1.1) for all integers m > 2, which generalize the 



ones in [LQ] for the case m — 1. The method is the same as in [LQ] (see also [QZ] 
and [DW]), so we omit the details. 

Theorem A.l. Let E = E + be the elliptic curve in (1.1) with e — +1 and / 
be an odd prime number. For each i e {1, • • • , n}, denote 

uuD) = t, + (i - (# )) (i - (f )) + e 1Im5 (i - m . 

where <5j = if Di,m,p and D satisfy one of the following conditions: 
(1) A = l(mod4), (2) m = 2,p-D = 2(mod 8), (3) m > 3,p + D = 0(mod 4); 
otherwise, Si — 1. And denote 

n+ +1 (D) = s n+1 +J2 (i- 

where <5„ + i = 0, if m,p and -D satisfy one of the following conditions: 
(1) m = 3,pD = — l(mod 8), (2) m = 4,pD = l(mod 8), (3) m > 5; otherwise, 
5 n+ i = 1. Here (— ) is the ( Legendre ) quadratic residue symbol. And define a 
function p + (D) by 

n+l 

i=i 

where [x] is the greatest integer < x. Then there exists a subset T C {2, D±, ■ ■ ■ , D n } 
with cardinal JjT = p + (D) such that S&\E/Q) D < Tmod(Q^) > ^ (Z/2Z) P+(D) . 
In particular, dim 2 5^(E/Q) > p + (D). 

Theorem A. 2. Let E' = E' + be the elliptic curve in (1.2) with e = +1. For 
each i e Z(n) = {1, • • • , n}, denote 

nt(D') = (l - (=£)) (l - (#)) + (l - (ft)) (l - (^)) 

n,! +1 (B') = Ci + E« (i - (§[)) (i - (w)) ■ where C = o. « ™ d fl 

satisfy one of the following conditions: (1) m = 2,p — D ^ 2(mod 8), 




1 



(2) m = 3,p- D = O(mod 4), (3) m > 4,p - D = O(mod 8); 

otherwise, 5' n+1 = 1. Here (— ) is the ( Legendre ) quadratic residue symbol. 

Take a subset / of Z(n) as follows: 

if m = 2, set J = {i G Z(n) : A = l(mod4)} \J {i G Z(n) : Di + pD = 
0(mod4)} (J {?G Z(n) : A = 3(mod4) and p — D = 6(mod8)}; 
if m = 3, set J = {i G Z(n) : A = l(mod8)} (J {i G Z(n) : A + pD = 
0(mod8)} (J {i e Z(n) : A = 3(mod4) and pD + A = 4(mod8)} (J {i G Z(n) : 
A = 5(mod8) and pD -D t = 0(mod4)}; 

if m = 4, set 7 = {i G Z(n) : A = l(mod8)} [j {i G Z(n) : D, t + pD = 
0(mod8)} |J {ie Z(n) : A = 5(mod8) and pD + A = 4(mod8)}; 
if m > 5, set I = {i G Z(n) : A = l(mod8)} (J {i G Z(n) : Di+pD = 0(mod8)}. 
Define a function p + {D') by 

iel(j{n+l} 1 ^ 1 v ;J 

where [x] is the greatest integer < x. Then there exists a subset T C {— 1, -Di, • • • , D n } 
with cardinal (jT = p + ( J D / ) such that S^(E/Q) D < Tmod(Q* 2 ) > = (Z/2Z) P+(Z?,) . 
In particular, dim 2 S^(E/Q) > p + (D'). 

Theorem A. 3. Let E = E_ be the elliptic curve in (1.1) with e — — 1 and I 
be an odd prime number. For each % G {1, • • • , n}, denote 

n-P) = 5 t + (l - (^)) (l - (^)) + E rf (1 " (t)) , where 5, = 0, if 
Di,m,p and D satisfy one of the following conditions: 

(1) A = l(mod4), (2) m = 2,p + D = 2(mod8), (3) m > 3,p - D = 0(mod4); 



otherwise, 5i = 1. And denote 



U- +1 (D) = 5 n+1 + (l - (y) 



where <5 n+ i = 0, if m,p and D satisfy one of the following conditions: 

(1) m = 3,pD = l(mod8), (2) m = A,pD = -l(mod8), (3) m > 5; otherwise, 

5 n+ i = 1; and denote 



where <5 n+2 = 0, if m,p and -D satisfy one of the following conditions: 
(1) pD = l(mod8), (2) m > 3,pD = 5(mod8); otherwise, <5 n+2 = 1- 
And define a function p~{D) by 

n+2 



1=1 



1 



.i + nrP). 

where [x] is the greatest integer < x. Then there exists a subset T C { — 1, 2, A, • • • , A} 
with cardinal (JT = p~(D) such that S^(E/Q) D < {A : A G T} mod (Q* 2 ) > 
= (Z/2Z) P ~ (D) . In particular, dim 2 S (v) (£/Q) > P~(D). 

Theorem A. 4. Let E' = E'_ be the elliptic curve in (1.2) with e = —1. For 
each % G Z(n) — {1, • • • , n}, denote U~(D') = 

(i - (#)) - (#)) + (» - (t)) ( J - (f)) ■ Here <-) is the 

(Legendre) quadratic residue symbol. Take a subset / of Z(n) as follows: 

if m = 2, set 7 = {i G Z(n) : A = l(mod4)} (J {i G Z(n) : D { - pD = 

0(mod4)} (J {ie Z(n) : A = 3(mod4) and p + D = 6(mod8)}; 

if m = 3, set / = {i 6 Z(n) : A = l(mod8)} \J {i G Z(n) : D { - pD = 

0(mod8)} (J {i G Z(n) : A = 3(mod4) and pD - A = 4(mod8)} 



}J{i G Z(n) : A = 5(mod8) and pD + A = 0(mod4)}; 

if m = 4, set / = {i 6 Z(n) : A = l(mod8)} (J {i e Z(n) : D t - pD = 
0(mod8) (J {i e Z(n) : A = 5(mod8) and pD - A = 4(mod8)}; 
if m > 5, set / = {ie Z(n) : A = l(mod8)} (J {i e Z(n) : D { - pD = 0(mod8)}. 
Define a function p~(D') by 



where [x] is the greatest integer < x. Then there exists a subset T C {A, • • • , -Dn} 
with cardinal jJT = p"(A) such that S^(E/Q) D < T mod (Q* 2 ) > = (Z/2Z)^ (Z?,) . 
In particular, dim 2 S^(E/Q) > p~(D'). 
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